Abstract: In the paper the authors present the results obtained during a numerical investigation (Direct Numerical Simulation/Spectral Vanishing Viscosity method -DNS/SVV) of a Taylor-Couette flow, i.e. the flow between two concentric disks and two concentric cylinders. The Taylor-Couette flow is one of paradigmatical systems in hydrodynamics, widely used for studying the primary instability, pattern formation, transitional flows and fully turbulent flows. Simultaneously, the flows in rotating cavities appear in numerous machines in the field of mechanics and chemistry, e.g., in cooling systems of gas turbines and axial compressors. In the paper, attention is focused on the laminar-turbulent transition region of the Taylor-Couette flow. The main purpose of the computations is to investigate the influence of different parameters (the aspect ratio, the end-wall boundary conditions, temperature gradient) on the flow structure and on flow characteristics.
I. INTRODUCTION
The Taylor-Couette system (i.e. shear flow between the stationary outer cylinder and rotating inner one) provides important insight into the transitional and turbulent flows in rotating systems (Fig. 1) . The results of numerical and experimental investigations of the Taylor-Couette flows are used for creating correlation formulas for the RANS method (Reynolds Averaged Navier Stokes). The RANS method is thought to be used as a basic tool in designing many industrial devices (e.g. fluid flow machineries, aircrafts, ventilation systems) for many decades to come. Pure LES (Large Eddy Simulation) and DNS (Direct Numerical Simulation) methods are very precise and deliver detailed information, but they are expensive from the numerical point of view and cannot be used for predicting various phenomena in complex industrial configurations. Additionally, the Taylor-Couette flow appears in numerous industrial installations and machines in the field of mechanics and chemistry. The results can be particularly of interest for engineers dealing with cooling systems in gas turbines and in axial compressors, ventilation installations, desalination tanks and waste water tanks, and in equipment for blood transfusion. The Taylor-Couette flow is also suitable for modelling and for predicting phenomena in geophysics and astrophysics. Due to this wide application the investigations of the Taylor-Couette flows are carried out in a number of research centers.
The experimental and numerical investigations have established that as the rotational speed of the inner cylinder increases, the fluid flow undergoes a series of bifurcations [1] [2] [3] [4] [5] [6] [7] . For a low Reynolds number a stable, laminar flow known as a cylindrical Couette flow is established. Beyond a certain critical Reynolds number, the Couette flow becomes unstable, which results in the appearance of pairs of counterrotating, axisymmetric vortices filling the annulus (TVF Taylor vortex flow). Further increase of the Reynolds numbers leads to wavy vortex flow state (referred as WVF), modulated waves state (MVF) and turbulent Taylor vortex flow (TTVF).
However, the end-wall boundary conditions can influence this process even for a configuration of large aspect ratio Γ = H/(R 2 − R 1 ) = 1/L. In experimental investigations, the end-walls influence the flow by constraining the axial motion of the flow and by pumping fluid along the end-walls. For the end-walls rotating with the inner cylinder, centrifugal viscous pumping causes an outflow along the end-walls. For the end-walls attached to the outer cylinder, the imbalanced pressure gradient and centrifugal forces result in an inflow along the end-walls. For the asymmetric end-wall boundary conditions a radial inflow occurs along the disk attached to the stationary outer cylinder and a radial outflow along the disk attached to the rotating inner cylinder. These Ekman layer flows determine the rotation of the nearest end-walls vortices (which appear well below the critical rotation of bifurcation to Taylor vortex flow, TVF) and subsequently determine the rotation of the entire Taylor vortex structure.
In the paper the authors report on their numerical study on the Taylor-Couette flow, performed in Poznań Supercomputing and Networking Center. Investigations are carried out by using the DNS/SVV method which allows the authors to perform computations for the higher Reynolds numbers Re = (R 2 − R 1 )R 1 Ω/ν, for different thermal Rossby numbers B = β(T 2 − T 1 ) and for different values of geometrical parameters: aspect ratios
The mathematical and numerical approaches used in simulations are described in section 2. The selected results obtained for the configurations of Γ = 11.75, R m = 19, Γ = 3.76, R m = 2.2 and Γ = 1.04, R m = 2.2 are described shortly in section 3. The summary is given in section 4.
II. MATHEMATICAL AND NUMERICAL APPROACHES
The authors investigate fluid flows in a rotating cavity of the inner and outer cylinder radii R 1 and R 2 , respectively (Fig. 1) . The inter-disks spacing is denoted by H. The rotor (an inner cylinder and, in most flow cases, a bottom disk) rotates at uniform angular velocity Ω = Ωe z , where e z is the unit vector on the z axis. The flow is described by Navier-Stokes equation, continuity equation and energy equation written in a cylindrical coordinate system (R, ϕ, Z) with respect to a rotating frame of reference. The Boussinesq approximation is used to take into account the buoyancy effects induced by involved body forces ρ = ρ r [1−β(T −T 1 )], where T 1 is the temperature of cooled walls and β = −1/ρ r (∂ρ/∂T ) p . The dimensionless axial and radial coordinates are:
The dimensionless components of the velocity vector in radial, azimuthal and axial directions are denoted by u = U/ΩR 2 , v = V /ΩR 2 , w = W/ΩR 2 , the dimensionless pressure is denoted by p, time is normalized by Ω −1 . The dimensionless temperature is defined in the following way: Θ = (T − T 1 )/(T 2 − T 1 ), where T 2 is the temperature of warmed walls and T 1 is the temperature of cooled walls. 
where:
No-slip boundary conditions are applied to all rigid walls u = w = 0. For the azimuthal velocity component, the boundary conditions are: v = 0 on the rotating walls and v = −(R m + r)/(R m + 1) on the stationary walls. The temperature boundary conditions are as follows: Θ = 0 on the cooled walls and Θ = 1 on the warmed walls. Prandtl number is equalled 0.71.
All presented results are obtained with the use of the DNS/SVV method. The spatial scheme is based on a pseudospectral Chebyshev-Fourier-Galerkin collocation approximation:
Where T n (r) and T m (z) are Chebyshev polynomials of degrees n and m, N r , N ϕ and N z are numbers of collocation points in radial, azimuthal and axial directions, respectively. The temporal approximation used in the paper is a projection scheme, based on backward differentiation in time. This scheme combines an implicit treatment of the diffusive term and an explicit Adams-Bashforth scheme for the non-linear convective terms. At every time iteration t (n+1) the computations start with obtaining pressure predictor p p by solving the Poisson equation
(4a) with Neumann boundary conditions. In the above equation (n) and (n − 1) depict the previous iterations. Then, predictors of the velocity components u p , v p , w p are obtained by solving the Helmholtz equations with appropriate boundary conditions. For instance, for r direction equation is written in the following form:
∂ϕ .
(4b) The correction of the velocity field is done by taking into account the pressure gradient at iteration t n+1 , so that the final velocity field satisfies the incompressibility constraint
with the boundary condition
T are obtained by solving the Helmholtz equation (5):
Where q is a constant or is a function of r. Function S contains terms from the previous iterations and from the predictor stage. In the next step the equation (5) is extended to Fourier series:
After spatial discretization in radial and axial direction equation (6) can be written in the following form:
ji .
Dr
(1) ij , Dr
ij are differentiating matrices. The final system of equations is solved with full diagonalization.
To stabilize computations for the higher Reynolds numbers the authors use the SVV method proposed by Tadmor [11] , in which an artificial viscous operator is added to Laplace operator. The one-dimensional modified Laplace operator can be written in the following form:
In equation (9a) u N is a discrete approximation of velocity component, ε N is the viscosity amplitude. Q N is the spatial operator (active for higher frequencies) which in Fourier space can be written as follows:
In Chebyshev space:
where T k are Chebyshev polynomials. In equations (9b) and (9c)Q N is defined in the following way:
where k T is the threshold mode above which SVV operator is active. The modified 3D Laplace operator takes the form, [12, 13] :
where
(10b) In equations (10a) and (10b) ∇u N is the velocity gradient tensor, ε i N i is a viscosity amplitude for i direction. The modified Laplace operator can be written as follows:
After expanding equation (11) in Fourier series, the Laplace operator takes the form:
In SVV method matrices A ij and B ij (equation (8)) take the forms:
The differentiating matrices Dr 
(16) The differentiating matrix Dz
is defined in a similar way. In the above equation H r is Chebyshev high-pass filter [14] that can be written in r direction in the following way:
T n (r j ) = cos(nπ(j)/N r ).
The presented algorithm turns out to be a very effective tool for investigating transitional and turbulent flows. More detailed information can be found in [12, 13] .
III. SELECTED RESULTS
The authors' investigations of Taylor-Couette flows are focused on determining the influence of geometrical parameters such as aspect ratio Γ, curvature parameter R m , Reynolds number, the thermal Rossby number and boundary conditions on the flow structure and on statistical values. The statistical results are prepared in the form of axial and radial profiles of averaged (over time and azimuthal direction) three velocity components, torque, components of the Reynolds stress tensor and many structural parameters, which are useful for modelling purposes. Visualization is one of the most important aspects in analysis of the flow structures. From the identification techniques based on pointwise analysis of the velocity gradient tensor (Q criterion, ∆ criterion, ω criterion, λ 2 criterion, [19] [20] ) the authors chose the λ 2 criterion, which represents the topology of vortex cores correctly. The λ 2 criterion captures the regions of local pressure minimum. The background of vortex identification schemes can be found in [19] [20] . The iso-surfaces of λ 2 (the second, in magnitude, eigenvalue of the tensor S ik S kj + Ω ik Ω kj , where S ij = (∂u i /∂x j + ∂u j /∂x i )/2, Ω ij = (∂u i /∂x j − ∂u j /∂x i )/2) show perfectly the flow structure in three-dimensional space. In the section the authors present their exemplary numerical results obtained using mesh up 12 million collocation points.
The authors have started their research of the TaylorCouette flow from the investigations of the flow in the configuration Γ = 11.75, R m =19.0 with stationary outer cylinder and rotating inner one (the results obtained for the lower Re were published in [15] ). The computations have been performed for the symmetric (both disks stationary) and the asymmetric end-wall boundary conditions (the upper disk stationary and the bottom one rotating). In Fig. 2 the flow structure obtained for the asymmetric end-wall boundary conditions is presented: the flow is pumped radially outwards along the rotating bottom disk and propagates inwards along the stationary top disk. It is visible from Fig. 2 that the flow near the bottom disk is more disturbed than the flow near the top one. For the symmetric end-wall boundary conditions the flow propagates inwards along both disks.
The study of the flow case Γ = 11.75, R m =19.0 has allowed for the analysis of all the subsequent bifurcations which appear with the increasing Reynolds number. For both symmetric and asymmetric end-wall boundary conditions the Taylor-Couette vortices (TVF) are formulated slightly above Re = 80 and the transition to unsteadiness takes place at Re = 200, which is manifested by the appearance of wavy vortex flow (WVF). The modulated wavy vortex flow (MVF) obtained at Re = 1161 is presented in Fig. 2a Fig. 2b . In Fig. 2b there are many small-scale vortical structures extended along the azimuthal direction over the cylindrical surface near the inner cylinder, [5] . The instability characteristic obtained for Re = 2480 is chaotic. The instability characteristics obtained for the symmetric and asymmetric end-wall boundary conditions differ in some aspects (the difference in frequencies has been observed), but generally for as high aspect ratios as Γ = 11.75 the influence of the end-walls is small. For the Reynolds numbers from the range Re = 160 ÷ 2480 in Fig. 3 the snapshots of instantaneous velocity fields in a radial-axial plane are presented. In Fig. 3 the authors present only the lower part of cavity near the bottom rotating disk in order to show in detail this part of the meridian flow. It is visible in Fig. 3 that for all considered Reynolds numbers from the range Re = 160 ÷ 2480 the large-scale Taylor vortices occupy the entire gap, with well-defined inflow and outflow jets. However, as the Reynolds number increases, the Taylor vortices become gradually distorted.
The authors have continued the study of the TaylorCouette flow with the asymmetric end-wall boundary conditions for configurations of smaller aspect ratio: Γ = 3.76, R m = 2.2. For a configuration of aspect ratio Γ = 3.76, R m = 2.2 with a rotating inner cylinder and bottom disk, and with a stationary outer cylinder and top disk the sequence of events occurring with the increasing Re is as follows: The three-cell structure is fully formulated at Reynolds number Re = 77 (the odd number of vortices is a characteristic feature of the Taylor-Couette flow with the asymmetric end-wall boundary conditions). Fig. 4a, 4b and 4c It is visible in Fig. 4a that there is an inward flow towards the rotating inner cylinder (on the left) along the stationary top disk and an outward flow along the rotating disk. At slightly larger Re (about 270) the middle vortex is squeezed by the growth of the top and bottom vortices, and finally at Re = 281 the transition from the steady three-cell structure to a steady one cell-structure takes place (Fig. 4b) . It is visible in Fig. 4b that fluid is pumped radially outwards along the rotating disk, then it is transported up along the stationary outer cylinder and recirculates along the upper disk. Finally, the fluid is transported downward along the rotating inner cylinder towards the rotating disk. The transition to unsteadiness for cavity of aspect ratio Γ = 3.76 and R m = 2.2 occurs at Re = 492. Fig. 4c shows the meridian flow and the 3D flow structures (iso-surfaces of λ 2 ) obtained for Re = 1664.
From Fig. 4c it is visible that the most disturbed areas in this a) b) c) . The authors' research on the influence of the end-wall boundary conditions on the flow structure and on transition from a three-cell structure to a one-cell structure is the extension of the study performed in papers [16] [17] [18] , which were conducted only for the low Reynolds numbers.
The authors have also performed computations of the flow structure in the cavities of aspect ratio close to one: Γ = 1.04, R m = 2.2 and Γ = 1.47, R m = 2.2 with the asymmetric end-wall boundary conditions. With the asymmetric end-wall boundary conditions a one-cell structure is observed in both configurations (Γ = 1.04, R m = 2.2 and Γ = 1.47, R m = 2.2). An exemplary meridian flow (λ 2 isosurfaces) obtained numerically for Re = 15234 (Γ = 1.04, R m = 2.2) is presented in Fig. 5a . It is visible in Fig. 5a that the maximum of turbulence is located at the junction between the stationary outer cylinder and the stationary top disk. However, the area at the corner between the inner cylinder and the rotating bottom disk is also highly disturbed by the vortices propagating downwards along the inner cylinder. The remaining part of the rotating disk boundary layer is fully laminar. The configuration of aspect ratio Γ = 3.76 is also used by the authors to check the influence of the curvature parameter R m and the thermal conditions on the flow structure and statistical parameters. The preliminary results obtained by the authors for non-isothermal conditions (Γ = 20, R m = 3) were published in [15] . The main purpose is to deliver distributions of the Nusselt numbers along cylinders and disks, which can be particularly interesting for engineers dealing with cooling systems. Another issue investigated numerically with the use of the computer rescourses of Poznań Supercomputing and Networking Center is the influence of the periodic modulation (superimposed on the inner cylinder rotational speed) on the instability critical parameters and on the flow structure. The results can answer the questions which concerns the degrees of stabilization that can be achieved using periodic modulation. This issue is important for controlling 3D boundary layers.
IV. SUMMARY
In the paper the authors have presented the main scientific problems which they have investigated numerically with the use of computational resources of Poznań Supercomputing and Networking Center. The main purpose is to explore the phenomena occurring in the Taylor-Couette flows for the transitional Reynolds numbers and deliver statistical data which can be used for creating new models for the RANS method. The selected results obtained during numerical investigations of the Taylor-Couette flows have been presented. The authors have focused on the three chosen flow cases. The first one Γ = 11.75, R m = 19 has allowed the authors to analyze the flow structures which appear with the increasing Reynolds number. All consecutive bifurcations have been observed and the obtained instability characteristics allowed to find the angular frequency of oscillations. For the higher Reynolds numbers the authors observed small-scale vortices near the inner cylinder similar to these presented in [5] . For the flow case Γ = 11.75, R m = 19 the authors performed detailed computations for the symmetric and asymmetric and-wall boundary conditions and it has been found that the influence of the end-wall conditions on the flow structure for such high aspect ratio is small.
The investigations of the second flow case Γ = 3.76, R m = 2.2 have allowed the authors to follow the transition from a three-cell structure to a one-cell structure which takes place with the gradually increasing Reynolds number in the case of asymmetric end-wall boundary conditions. This problem has been previously considered in [16] [17] [18] , however, these investigations have been limited only to the low Reynolds numbers. The authors have analyzed the transition process from a three-cell structure to a one-cell structure and then, for higher Re, the development of the one-cell flow with the increasing Reynolds numbers. The results obtained for the higher Reynolds numbers have been compared with the result obtained experimentally within the frame of the EuHIT project in BTU in Cottbus.
The flow case Γ = 1.04, R m = 2.2 with the asymmetric end-wall boundary conditions has also been investigated numerically and experimentally. An agreement between results has been found, however, a more detailed comparison between experimental and numerical results will be presented during upcoming conferences in Cottbus and Delft. The authors continue the numerical study of the flow cases Γ = 3.76, R m = 2.2, Γ = 1.04, R m = 2.2 for higher and higher Re, as well as, they continue investigations of the flow cases with heat transfer and with the oscillations superimposed on the rotational speed of the rotor.
